Based on the complementarity relation between entanglement of a composite system and the purity of a subsystem, we propose a simple method to measure the amount of entanglement. The method can be applied to a bipartite system in a pure state of any arbitrary dimension. It requires only single qudit rotations and straightforward probability measurements performed on one of the subsystems, and can thus be easily implemented experimentally using linear optical devices.
One of the key issues in quantum information science is how to detect and measure entanglement. Perhaps the most straightforward way of measuring entanglement is full tomographic reconstruction of the quantum state in question. This technique is, however, highly inefficient and time-consuming. In recent years several less demanding methods of detecting and measuring entanglement have been proposed [1] [2] [3] [4] [5] [6] [7] and some demonstrated experimentally [8] [9] [10] . These methods typically require measurements performed on the entire composite system and involve coincidence measurements and/or complex controlled operations. Some methods require measurements upon two copies of the quantum state.
On the other hand, it has been known that the amount of entanglement manifests itself in certain properties, such as the purity, of a subsystem [4, 11, 12] . Thus, the method of minimal and optimal tomography [13] on one of the subsystems can be used to measure entanglement [14] . Simpler ways of measuring the purity of a subsystem and consequently the entanglement exist [15, 16] . These methods, however, are not without experimental difficulties. The method proposed by Ekert el al. [15] requires a controlled SWAP operation for which two identical copies of the state, whose purity is to be determined, need to be provided as target qudits. The method of Dürr [16] requires probability measurements with multiport beam splitters, in which probabilities need to be measured by varying phases associated with each port of the beam splitters over the entire range of the phase angles.
In this paper we propose a simple method of measuring bipartite entanglement. The quantity to be measured is the concurrence [17] or its generalized version known as the I concurrence [11] . The system whose entanglement is to be measured needs to be in a pure state. The proposed method has several notable features. First, it requires measurements to be made only on one of the subsystems. Second, it requires only single qudit rotations and straightforward projection measurements. Third, it can be applied to systems of any arbitrary dimension. We also describe how our method can be experimentally implemented using linear optical devices.
The starting point of our analysis is the complementarity relation [11, 12, 18] between the I concurrence C AB of a composite quantum system AB and the purity Tr A (ρ 2 A ) of a subsystem A (or B), which reads, for the case when the composite system is in a pure state,
The amount of entanglement can thus be determined if the purity Tr(ρ 2 ) of one of the subsystems is measured. As the purity can be written as
where d is the dimension of the subsystem being mea-
[From now on, we drop the subscript A (or B). It is to be understood that all quantities refer to the subsystem being measured.], and (i,j) means summation over all possible
pairs of the indices i and j with i < j, the determination of the I concurrence requires knowledge on both diagonal and offdiagonal elements of the density matrix of the subsystem. The diagonal element ρ ii is identified as the probability P i of finding the subsystem in state |i and can thus be determined directly from the projection measurement,
In order to determine the off-diagonal elements, we first need to perform a 90
• rotation of the state of the subsystem about x axis in the clockwise direction in the three-dimensional Bloch sphere representation of the two-dimensional |k − |l space (k < l; k, l = 1, 2, · · · , d). The density matrix of the rotated system is given by
with the elements given by
The projection measurement performed on the rotated system yields the probabilities
Since we know the diagonal elements ρ kk and ρ ll from the straight projection measurement [Eq. (3)], we can determine the imaginary part of the off-diagonal element
, by measuring the probabilities P ′ k and P ′ l . This can be understood by noting that physically the 90
• rotation about x axis projects the y component of the Bloch vector, which is equivalent to the imaginary part of the off-diagonal element, onto z axis. Performing the rotation U and the projection measurement on each of
pairs of the states |k and |l , we can determine the imaginary part of all
Having determined the imaginary part of the offdiagonal elements, we next need to determine the real part. That can be accomplished by a 90
• rotation about y axis in the Bloch space representing the two states |k and |l . The rotation brings the state to
where
The projection measurement on the rotated system yields now the probabilities
The real part of the off-diagonal element ρ kl , Re(ρ kl ) = 1 2 (ρ kl + ρ lk ), can thus be determined from the measurement of the probabilities P ′′ k and P ′′ l . The 90
• rotation about y axis projects the x component of the Bloch vector onto z axis, allowing the real part of ρ kl to be determined. As before we need to perform the rotation V and the projection measurement on each of
2 pairs of the states |k and |l to determine the real part of all
off-diagonal elements ρ ij . Eq. (2) indicates that the determination of the purity requires the sum of the squares of all diagonal and offdiagonal elements, corresponding to the squares of the length of the Bloch vector projected onto z axis and onto xy plane, respectively. The sum of the squares of the diagonal elements can be obtained by squaring the probabilities P i obtained from the straight projection measurement and summing them all,
Information on the sum of the squares of the off-diagonal elements is contained in the quantity T ′ + T ′′ where
Here (k,l) means summation over all possible
pairs of the states |k and |l with k < l. A straightforward calculation yields
Combining Eqs. (2), (8) and (9), we obtain for the purity
The I concurrence is then given according to Eq. (1) by
We now describe an experimental scheme that actually performs the measurement. We adopt a multipath representation of a qudit. In a multipath system any arbitrary d × d unitary operator can be constructed using an arrangement of beam splitters, phase shifters and mirrors [19] . In particular, the rotation operator U (k, l) of Eq. (4) can be realized by a 50/50 beam splitter situated at the intersection of the kth and lth paths as shown in Fig.1 . The state transformation performed by the beam splitter is represented by the relation
n out = n in ; n = k, l.
On the other hand, the rotation operator V (k, l) of Eq. (6) represented by the relation
can be realized by a beam splitter at the intersection of the kth and lth paths and two phase shifters that shift phase by − π 2 and π 2 , respectively, situated at the input port and the output port, respectively of the lth path, as shown in Fig.1 .
Our experiment then proceeds as follows. We assume that a source emits a large number of pairs of pathentangled particles AB of dimension Fig.1 ). The I concurrence of the composite system AB is to be determined by performing local measurements on one of the subsystems, e.g., the subsystem A. The subsystem being measured has the dimension of (1) The projection measurement is performed directly on the subsystem A to measure the probability P i for the subsystem A to be in the ith path. The measurement can be achieved with the arrangement shown in Fig.1 with the beam splitter and the phase shifters taken out.
The projection measurement is performed with a beam splitter placed at the intersection of the kth and lth paths to determine the probability P ′ i . The measurement can be achieved with the arrangement shown in Fig.1 with the beam splitter kept installed but the phase shifters taken out. Repeat the projection measurement with the beam splitter shifted to the intersection of all other possible pairs of paths. Calculate
The projection measurement is performed with a beam splitter and two phase shifters of − π 2 and π 2 , respectively, placed at the intersection of the kth and lth paths to determine the probability P ′′ i . The measurement can be achieved with the arrangement shown in Fig.1 with the beam splitter and the phase shifters kept installed. Repeat the projection measurement with the beam splitter and the two phase shifters shifted to the intersection of all other possible pairs of paths. Calculate
i . (4) Determine the I concurrence using Eq. (12) .
The number of experimental setups required to complete the above experiment is 1 for step (1) and
each for steps (2) and (3), totaling d 2 − d + 1. This number can considerably be reduced by placing beam splitters at every possible intersection simultaneously for steps (2) and (3), which increases the number of the real and imaginary parts, respectively, of the offdiagonal elements that can be determined from one experimental setup to for odd d. Each experimental setup for steps (2) and (3), respectively, then produces state ρ ′ and ρ ′′ given by 
We illustrate our scheme for the simple case of a twoqubit system in state |ψ AB = cos θ|01 AB + sin θ|10 AB . Let us choose the subsystem A to be the subsystem to be measured. Since ρ ≡ ρ A = cos 2 θ|0 0| + sin 2 θ|1 1| = cos 2 θ 0 0 sin 2 θ , the direct projection measurement should yield P 1 = cos 2 θ and P 2 = sin 2 θ, and thus T = cos (15)] by C AB = | sin 2θ|. If the qubit is a photon polarization qubit, the direct projection measurement corresponds to a polarization measurement in the horizontal/vertical basis, while the projection measurement following the rotation U and V , respectively, corresponds to a polarization measurement in the 45
• /-45 • basis and in the right-circular/left-circular basis.
For the general two-qubit state |ψ AB = a|00 AB + b|01 AB + c|10 AB + d|11 AB , we obtain, through a straightforward calculation, P 1 = |a| 2 + |b| 2 , P 2 = |c| 2 + |d| 2 , P In summary we propose a simple experimental scheme that allows one to determine the amount of entanglement of a bipartite composite system in a pure state. The scheme requires local probability measurements only on one of the subsystems. Furthermore, the scheme requires only single qudit rotations with linear optical devices and straightforward projection measurements. No complex controlled operations are needed. The method can be applied to systems of any arbitrary dimension d A × d B . The number of required experimental setups scales linearly with the dimension of the subsystem being measured. The scheme can be effective especially when one of the subsystems has a small dimension. If the composite system is in a mixed state, Eq. (1) takes the form of inequality and our proposed method can only determine the upper bound of the I concurrence.
